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THE DIOPHANTINE PROBLEM FOR ADDITION AND
DIVISIBILITY
BY
L. LIPSHITZ'

ABSTRACT. An algorithm is given for deciding existential formulas involving
addition and the divisibility relation over the natural numbers.

In this paper it will be shown that there is an algorithm for deciding
formulas of the form

k
)] 3xpyeees 3%, A fi(E e )| &(XD -5 %)

i=1
in N (the natural numbers), where the f, and g, are linear polynomials with
integer coefficients. (a|b means “a divides 5”.) This is a generalization of the
Chinese Remainder Theorem (C.R.T.) which states that

k
A\ m|(x —r)
im1
has a solution for x € N if and only if (m,, m)|(r; = rhi,j=1,..., k,where
(a, b) = g.c.d.(a, b), cf. [2]. The corresponding problem where the f; and g; are
second degree polynomials is undecidable. This follows immediately from the
undecidability of Hilbert’s Tenth Problem. We get as a corollary that formu-
las of the form 3x; ... 3x, A(x,, . . . , x,), where A is an open formula in the
language { +, |, 0, 1) are decidable. This result is also the best possible in the
following sense. Using the undecidability of Hilbert’s Tenth Problem and
standard techniques (cf. [3], [4] and the references therein) for defining
multiplication from + and | one can show that formulas of the form
3x,...3x, Vy A(xy, ..., x,,»), with A an open formula in the language
{+,],0, 1) are undecidable. Similar results have been obtained by A. P.
Bel'tyukov (personal communication from Julia Robinson).
We shall also show (in §3) that if R is the ring of integers of an imaginary
quadratic extension of the rationals (Q) then there is an algorithm for
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deciding formulas of the form

k
) Ax,...3x,_, /\ Fi(xy oo %) 8 (X v v 5 Xy)

i=1
where the f; and g; are linear polynomials with coefficients from R. Conse-
quently there is also an algorithm for deciding formulas of the form

k
3) 3xp . 3%, AN i X)) 8 - x,)

i=1

with the f; and g; as above.

In a subsequent paper we shall show that if R is the ring of integers of a
real quadratic extension of the rationals then both (2) and (3) are undecid-
able; and that if R is the ring of integers in any proper algebraic extension of
the rationals other than imaginary quadratic, then (2) is undecidable.

I would like to thank A. P. Bel'tyukov and Ju. Matijasevi¢ for helpful
criticisms of an earlier verison of this paper and especially Julia Robinson for
helpful and encouraging suggestions during the preparation of this paper.

The plan is to reduce the problem to formulas of a special form where,
among other things, all the coefficients are from N and the variables are
ordered in some way and then use the C.R.T. to eliminate the largest variable.
x will denote the variables x;, ..., x, and ¢(x), ¢;(x), Y(x) etc. will denote
the formulas of the form A%, f(x)|g(x) where the f, and g, are linear
polynomials with integer coefficients. We shall call such a formula positive if
its coefficients are from N. We shall assume that if a formula can be made
positive by replacing some of the f’s and g’s by —f; and —g; then this is
always automatically done. The resulting formula is of course equivalent to
the original formula.

1. In this section we shall show how to reduce the problem to the case of
formulas of a very convenient form.

Let Pb,={x€Q" x;,>0,i=1,...,n} and let R=P,N {x €EQ™:
I(x)>0,i=1,...,m} where the /,(x) are linear polynomials. A positive
cone in Q" is the image of P, under a mapping of the form x = Au + b
where 4 is an n X n matrix and b an n X 1 vector, both with coefficients
from Q. If B is a region in Q" then ‘B denotes the set of integral points in B.

LeEMMA 1. Let R be a convex set in Q" as above. Then one can constructively
find a finite set of positive cones C;: x = Aju + b,i=1,...,J,such that
(i) each C;c Rand 'R = UI.,'C,,

(i) if xo € 'R then there exist iy and uy € 'P, such that x = A uo + by,

The lemma is geometrically reasonably clear, cf. [1]. Since the proof is not
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relevant to the rest of the paper we present it in the appendix at the end of the
paper.

Let ¢(x) be a formula and let x = Au + b be a change of variables, where
the entries of 4 and b are from Q. Let @ € N be the l.c.m. of the denomina-
tors of all these entries. When we say ¢'(1) = ¢(Au + b) results from ¢(x) by
the change of variables x = Au + b we mean that ¢'(u) is obtained from ¢(x)
by substituting Au + b for x and then multiplying right through (all the
terms) by a and adjoinin; some divisibilities of the form B8|h(u) (8 € N) to
ensure that if ¥ € N” satisfies ¢/, then x = Au + b is an integral point. (The
coefficients of 4(u) will be positive multiples of some of the entries of 4 and
b.) Then ¢'(u) is a formula of the type we are considering.

LEMMA 2. Let ¢(x) have coefficients from Z and let x(x) be a partial ordering
of the variables together with some linear inequalities of the form I(x) > 0.
There exists a finite set of changes of variables x = Au + b; with the A; and b,
having positive rational entries such that the resulting formulas ¢;(u), i =
1, ..., J, are positive and

J
xen((x) A x(x)) (_)i\-/l Juend;(u)-

PrOOF. Let ¢(x) = /\fi(x)|g(x) and let x;(x) run through all possible
combinations (A; % f(x) > 0) A (/\; = g;(x) > 0) where only those f; and
g; are considered which contain both positive and negative coefficients. Then

Fx(p(x) A x(x)) & \/ 3x(9(x) A x(x) A x,(x))-
Hence it is sufficient to show that there are positive formulas ¢;(«) such that
3x(6(x) AX(X) Ax(x) o\ Fu(u)

where x; is as above. Let R = P, N {x € Q™ x(x) A x;(x)}. Let the C;:
x = A;u + b, be as in Lemma 1, and let ¢,(u) result from ¢(x) by making the
change of variables x = A,u + b;. Recall that in ¢;(«) we have adjoined some
divisibilities of the form a|h(u) (a € N) if necessary to ensure that if ¢,(u)
holds for 4 € N” then x = A,u + b, is an integral point. Since x = A;u + b,
€ P, for all u € P, it is clear that all the entries in the 4; and b; are
nonnegative. We claim that ¢,(u) is positive (recall our convention that if f; or
g; has all negative coefficients then it is replaced by — f; or —g;). Notice that
for all u € P, we have that if x = A;u + b, then x € P, and x(x) and x;(x)
hold. If ¢;(u) were not positive then for some & f,(4,u + b,) or g, (A;u + b)
would assume both positive and negative values as u varies over P,. Call it
h(A;u + b). h does not occur in x; since if it did then for all u € P,
h(x) = h(A;u + b)) satisfies the inequality in x;. If 4 does not occur in x; then
all its coefficients are positive (by our convention the case when all are
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negative is eliminated). Since 4; and b; have nonnegative entries it follows
that all the coefficients of h(A4,u + b;) are positive. Hence ¢;(u) is positive. By
conditions (i) and (ii) of Lemma 1 it is clear that

Fxen($(x) Ax(x) A x(x)) &'\ Fuend:(v).
This completes the proof of Lemma 2.
Let ¢(x) be positive and let an ordering x(x) of the variables be specified.
Suppose that no atomic formula of the form f(z, y)| g(z, y) withy > x; (w.r.t.

x) for all the x; in z and with y having nonzero coefficient in f, occurs in ¢(x).
Then we call ¢(x) increasing w.r.t. x.

LEMMA 3. Let ¢(x) have coefficients from Z. Then there exists a finite set of
positive formulas ¢;(x) and orderings x;(x) such that ¢;(x) is increasing w.r.t.
X:(x) and

3xg(x) & Y Ix(3:(x) A x:(x))-

ProoF. Induction on the number of variables. By Lemma 2 it is sufficient
to consider the case of ¢ positive. Let x;(x) vary over all possible orderings of
the variables in ¢. Then 3x¢(x) & \/,Ix(¢(x) A x;(x)). If ¢ is not increasing
w.r.t. x; then f(y, 2)| g(», 2) occurs in ¢ with y > x; for all x; € z (w.r.t. x,)
and y occurs in f with nonzero coefficient. Let M be the sum of the
coefficients of g. It is clear that x;(x) A f(x)|g(x) & x:(x) A (V™ ,of = g).
Replace f|g by \/™_ (af = g) in ¢, return to disjunctive normal form and in
each disjunct use the equation (af = g) to eliminate one of the variables and
then use Lemma 2 and the induction hypothesis. (If af = g formally we
cannot use this equation to eliminate a variable. In this case just delete the
atomic formula f|g from the original formula.)

Let ¢ be a positive increasing formula w.r.t. x and let x, be the largest
variable. The other variables are (x,, . . ., x,) = x. Let fi(x)| g/(x, xo) = hy(x)
+ axg,i = 1,. .., k,be all the atomic formulas of ¢ containing x,. Let ¢(x)
result from ¢ by deleting all the atomic formulas containing x,. Let (a, 8)
denote the g.c.d. of @ and B. Then for fixed x € N

() Bxgp(x, %) 0 3(3) A, [\, (@0 af () 0) AN (i), a)lA)

where h;(x) = a;h,(x) — a;h;(x). This follows immediately from the C.R.T.
mentioned above. Our plan is to reduce the problem of determining if ¢ has a
solution to the problem of determining if ¢ has a solution. We need however
to adjoin certain divisibilities involving the variables x which are implicit in ¢
but not implicit in ¢, e.g. if f|f, and f]| J; occur in ¢ then from () it follows
that we must have f|h;. We shall want the formula ¢ to satisfy the conditions
(a)~(d) below. The conditions (f;, 4;)|#; are of no problem since they involve
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congruences w.r.t. factors of the g;’s and the a’s occur in ¢. Hence (f, a)|h
can be replaced by a disjunction of the formulas of the form a|f and a|h. In
the statement of these conditions we shall understand that when we write af
(or Bg, a;g; etc.) that a € N and that the g.c.d. of the coefficients of f (g, g
etc.) is 1.

(a) If af| Bg occurs in ¢ then 1| fand 1| g occur in ¢.

(b) If af| Bg and yg|6h occur in ¢ then f|eh occurs in ¢ for some e € N with
€| B8.

© faflBgy--.»af Bg and goccurin and g, . . ., g are linearly
independent and Bg = Zy,g; with B,y, €Z and gcd. (B, vy---5 1) =1
then f|8g occurs in ¢ for some § € N.

(d) If «, f| g, and a, f] g, occur in ¢ and the largest (w.r.t. x) variable in g,
(with nonzero coefficient) is the same as that in g, (= x, say) and the
coefficient of x, in g, in @, and in g, is @, and a is the g.c.d. of the coefficients
of (a, g, — a,g,) then f|(B/a)(a, g, — a,8,) occurs in ¢ for some 8 € N.

If ¢ is positive, increasing w.r.t. x and satisfies (a)~(d) above we shall call ¢
totally positive increasing w.r.t. x.

We say that x(x) is a generalized ordering of the variables x if x(x) is the
conjunction of an ordering x'(x) of the variables with some linear inequalities
of the form x; > /(z) where for all x; € z x; > x; wrt. x. If x(x) is a
generalized ordering as above then we call ¢(x) totally positive increasing
w.rt. x(x) if ¢(x) is totally positive increasing w.r.t. x'(x) (the ordering in
x(x))-

LeEMMA 4. Let ¢(x) be a formula. One can construct a finite set $;(x), x;(x)
(i=1,...,J) of formulas and generalized orderings such that ¢,(x) is totally
Dpositive increasing w.r.t. x;(x) and

3x6(x) © , 3x(6() Ax09)

ProoF. By Lemma 3 we can assume that ¢(x) is positive and increasing
w.r.t. x(x), say. We shall prove the lemma by induction on the number of
variables.

Of (a)~(d) above, only (d) leads to the introduction of new atomic formulas
which may alter the fact that ¢ is positive. We shall look ahead and introduce
all of these first, at the same time using Lemma 2 to get positive formulas.
Then we shall close up under (a)—(d). The worst that can happen here is that
we get a formula which is not increasing. But this leads to the elimination of a
variable and then we can use Lemma 2 to get rid of the generalized ordering
and then use the induction hypothesis.

(1) Let the largest variable be x, (others are (x,...x,) = x). Let the
atomic formulas containing x, be f(x)|g(xp X),i=1,...,k, (since ¢ is
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positive increasing x, occurs only on the right-hand side) let g;(xq, x) = h;(x)
+ a;xy and let hy(x) = ah; — ah;, i <j < k. Adjoin the formulas 1|k,
i <j <k, to get formula ¢". If ¢’ is positive, go to (3) below. If ¢’ is not
positive then go to (2).

(2) Let ¢” result from ¢’ by deleting all the atomic formulas containing x,,.
Find changes of variables x = 4,u + b, as in Lemma 2 corresponding to ¢”.
Let each ¢;(xq, A;u + b)) result from ¢’ by the change of variables (x, x) =
(xg, A;u + b;). Then ¢/ is positive since there were no minus signs in the
atomic formulas we deleted and all the entries in 4;, b, are nonnegative. Let o;
be the lc.m. of the denominators in A,, b, Then in ¢;(x,, #) we have
multiplied right through by a;. Let ¢,(, u) result from ¢; by replacing a;x, by
the new variable y, and adjoining the divisibility a;|y,. Let 4; = (ay)), b, =
(b)- Then x, = Zay;u; + by. Let x;(,, u) be the conjunction of the inequali-
ties

Yo > 2 o au; + o;by
J

(each a;a,; and each a;b, € N). We certainly have
Axoxp(xpr X) & Y FyeJu(d:(yo ) A X)-

(3) Extend x;(y,, #) to an ordering of the variables y,, u in all possible ways
with yo > 4, (i = 1,..., n). (These inequalities follow from the inequalities
Yo > Zoyau; + by if all of uy, .. ., u, are used in the change of variables.
If one is missing, we have reduced the number of variables and we can apply
Lemma 3 and the induction hypothesis to each ¢; A x;.) If we are coming
from (1), then there is only one i and x is vacuous. By abuse of notation we
still call the resulting formulas and generalized orders ¢;(xq, #) and x;(xq, #).
Then certainly we have 3xyx¢p(xg, x) & V,;Fyedu(d;(you) A X:(Vor 4)-

(4) Consider each ¢, A x; separately. If ¢,, x; is not increasing, eliminate a
variable and apply the induction hypothesis. If it is increasing, let u, be the
largest of the u; (i.e. the second largest variable w.r.t. x;) and let f;| g; = h; +
a;u, be the atomic formulas in which u, is the largest variable. Let hy =
a;hy. — ayhy; and adjoin 1]hy to ¢;. By abuse of notation, we still call it ¢,. If
the resulting formula is not positive, let ¢;, X, result from ¢, x; by deleting all
the atomic formulas in which y, or u; occur. Let v = (v,, . . ., v,) and make
changes of variables (u, ...,u,) = A;0 + b; as in Lemma 2. Let
(Yo Up 0)s X(Vo» ), v) Tesult from ¢, x; by making this change of vari-
ables. Let the l.c.m. of the denominators be a; and replace o,y by zo, a;u; by
z) and adjoin the divisibility a;|z,. Extend x; to an ordering in all possible
ways with zy >z, > v, k=2,...,n Call the resulting formulas
$;(20, 215 V), X;5(2» 21, v)- Then certainly the ¢; with x;; are positive and
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Axgxd(xg, X) & \VV/A2o2,09;(2¢, 215 ) N\ X;(200 215 )
and each x; is a generalized ordering.

(5) Repeat the above process with respect to the 3rd largest, 4th largest
variables etc. Eventually we obtain y; and generalized orderings x; such that

Axg xp(x) © VAxex (%i(x X) A Xi(Xe» X))
and each y; is positive increasing w.r.t. x; and whenever h(y, z), k(y, z) occur
in ¢, with y > all the variables in z (w.r.t. x;) and y having coefficient a in h
and b in k, then 1|bh — ak occurs in ;. In other words, the terms which need
to be adjoined by (d) above are present.

(6) Close up under (a)-(b), using the proviso that at any time that we have
atomic formulas af| Bg and af|yg both occurring, then we replace these two
formulas by af|g.c.d.(B, v)g. (Choose the ¢ & and B8 in (a), (b) and (c)
respectively in the natural way.) We must see that the process terminates. We
can certainly check constructively whether the formula satisfies (a)~(d).
Notice that if it does not, then we must adjoin an atomic formula of the form
af| Bg. Notice that if the original formula contained K atomic formulas then
we can adjoin such formulas at most 4K? times without the proviso being
applicable and that each time we apply the proviso we get a shorter formula.
Hence the process terminates. If the resulting formula is increasing, then it is
totally positive increasing. If it is not, then eliminate one of the variables and
apply Lemma 2 and the induction hypothesis.

2. Let ¢(x) = /\:"_,l f(x)| g;(x) and let n be the number of variables in
#(x), m the maximum of absolute values of the coefficients of ¢(x), a, =
[log,(m- n)] + 2 and k(¢, p) = (p + 1)*™*D%X for primes p. In the following
by a|b (mod p*) we mean that for some ¢ ac = b (mod p*).

LEMMA 5. If for some k ¢(x) has a solution mod p* with all the f,(x) Z 0
mod p*, then ¢(x) has such a solution mod p*®®),

ProoF. Think of x; = x,o+ x;,p + x,p> + ... as a p-adic integer with
the x; € {0, 1,...,p — 1} to be determined. Let x? =3/ _.x,.p™ EN,
once the x,,, form =0, . . ., j are determined; and let

= f,(x0, ..., xP).
Then £ = 3/, _%a,p* where a, is as above, and the g, € {0, 1,...,p — 1}.

We shall successively determine the x;j =0,1,2,...,in all possible ways.
We shall see that this process finally becomes cyclic.

Suppose that the x; have been determined for j < k so that ¢(x) is satisfied

mod p*. Then the x;, must be chosen so that f®)]| g mod p**'. We need
only consider those f, g; such that

f%=Y= 0 mod p¥,
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(and hence g*~ = 0 mod p*). We have

% n
fi(k)= 2 aimkpm+k + 2 cixikpk
m=0Q i=]
where the ¢;, i = 1, . . ., n,are fixed and the a;; depend on the X form < k.

Similarly

(k) 2 bimkpm+k + 2 d

m=0 i=1
(Recall that f*=D, g=D = 0 mod p*.) Then the x,, must be chosen so that if
f®=0modp**' then g*'= 0modpk+!.

The possibility (and the ways) of doing this depend only on the ¢, d,,
i=1,...,nand the gy, b,y m=0,...,a, Call a set of values of the x,,
i=1,...,nacceptable (for fixed values of the x,;, i = 1,...,nj < k) if the
above conditions are satisfied. Start making a list of all the acceptable values
ofthexy,i=1,...,n,j=0,1,2,..., ie. start writing down the following
tree:

Stage 0: all acceptable values of x,,,

Stage 1: all acceptable values of x;; which follows from these ‘values of x4,
etc.

A path through this tree would give us p-adic integers x; which satisfy ¢(x)
and a path up to stage k would give us integers x¥ which satisfy ¢(x) mod
prHL,

At each node in this tree also write down the corresponding values of the
Gises Dy form = 0, . . ., a,. (k = stage of the node.)

Let a branch terminate at stage k + v if

Uiy = Qimysie ANA By = by g
form=0,...,q,andi=1,...,Kand

Xy = Xpy4ps i=1l...,n

This just means that the branch has become cyclic. The whole process now
terminates in < (p + 1)*"*2%X stages.

Hence if for some k, ¢ has a solution mod p* with all the f, 2 0 mod p*
then it has such a solution mod p@+v*“*>**

Let y(x,y) be totally positive increasing w.r.t. generalized order x. Let
m = max(coefficients of {), k = number of atomic formulas in ¢ (i.e. ¢y =
/\f‘_, flg) and let M, = max(m, k). Let n = the number of variables in ¢,

= [log,(m, n)] + 2 and k(y, p) = (p + )***I%%,

LBMMA 6. Let y, x be as above and let K > M, and for each prime p < K
let k, > k(, p) and let a solution of  mod p"r with f, 2 0 mod p% (i =
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1,...,k) be specified. Then , x has a solution in N with these specified
residues mod p% for p < K, and except for primes p < K the f, and g; have no
common factors except as specified by divisibilities occurring in  and further if
h, k occurs in  and p > K and p|h and p|k then the same power of p divides
both h and k. (Call such a solution as mutually prime as possible.)

PROOF. Let ¢, X result from v, x by deleting all the atomic formulas which
contain the largest variable y. Then we certainly have K > Mj and k, >
k_(\k, p) for p < K. By induction we assume x chosen to satisfy the lemma for
¥, . Let

a =TII{p%: p < K},

B = Lem. { f(x): f(x)| g;(x, ) occurs in Y, for some i},

y = Le.m. {f(x): f(x) occurs in ¢}.

Let y, be chosen as follows:

(i) y, has the specified residue mod a.

(i) If p*| B, p** ¥ B, pka then y, satisfies ¥(x, y) mod p* and each g;(x, y,)
2 Omod p**1l.

(iii) If p|y and p}aB (p prime) then y, is such that g;(x, yo) = h(x) + ay,
2 0 mod p for each i. _

(iv) y, satisfies the inequalities in x. (Those in X are satisfied by assump-
tion.)

(i) is possible by assumption. (iii) is possible because if p|y and p Ya then
P > |a;| for all coefficients @; occurring in ¢, p > k > the number of g’s in
which y occurs so all the noncongruences in (iii) can be simultaneously
satisfied (we see this by a counting argument), The first part of (ii) is possible
by the C.R.T. and the fact that ¢ and hence v satisfy conditions (a)~(d), and
that the solution x of ¢ is as mutually prime as possible. Condition (d)
guarantees that if p/| 8, p fa and p’| f; and p'| f; then p’|h;. The case of primes
P < K is taken care of by (i). The second part of (ii) viz. g;(x, y,) 2 0 mod
p**! can be taken care of in the same way that (iii) was taken care of. (i), (ii)
and (iii) just involve congruences and noncongruences (w.r.t. different primes)
and since they can be satisfied separately they can be satisfied simultaneously
by arbitrarily large values of y. Choose y, large enough to satisfy the
inequalities in (iv). We must now show that y(x, y,) has the required mutual
primeness.

Suppose that pfa and p| g;(x, y,) and p| g;(x, y,). Then plhy; and so p|y. But
g(x,y,) = 0 mod p so by (iii) p| 8. Let p°¥B, p**+¥8. Then if 4 occurs in ¢
and plh, p*|h and p**'}h. Since p|B, for some f(x) in ¢ p°|f(x) and
f18(x, y) occurs in ¢ for some k. Hence p|h; and hence from the mutual
primeness of the solution x of ¥, f’| f and f’|h,, occur in ¥ for some f(x) with
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P°|f(x) (perhaps f' = f or f' = h, in which case one of these divisibilities is
trivial and need not occur). From f'|f, f| g, and f’|h, and the fact that ¢ is
closed under (c) we have f’|ag; occurs in { (a is some factor of a;). Hence
p*|g. Similarly we have that for some f” in ¥, p’|f” and f”|bg; occurs in 4.
Hence p°|g; and from the mutual primeness of ¥(x) there is a f” in J; such
that p°*| f and f*| f* and f"”| f” occur in . Hence f|ag; and f'”|bg; occur in
Y (for some a, b). This establishes the mutual primeness of Y(x,y,). If
P’ B, p**YB and pfa, then we have f(x)|g(x,y,) mod p* and f(x) 20
mod p**!. If p|a then we have f(x)| g(x, y) mod p% and f,(x) = 0 mod p*.
Hence x, y, satisfy ¢, x and the lemma is proved.

LEMMA 7. Let  be totally positive increasing, w.r.t.generalized order x. Then
¥, X has a solution in N if and only if ¥ has one mod p*®¥ (with all the
fi(x) 2 0 mod p*®¥) for all p < M,.

PrOOF. One direction is trivial (Lemma 5). The other follows from Lemma
6 by induction. Suppose ¢ has such a solution mod p*¥ for p < M. Then
it has a solution mod p*®¥ for p < Mj. Then ¥, X has a solution (by
induction on the number of variables). Hence x}z— has a solution which is as
mutually prime as possible as in Lemma 6. Hence ¢ has a solution by the
CRT, and since y occurs only on the right-hand sides of atomic formulas, y
can be chosen large enough to satisfy the inequalities in x.

Let ¢(x) = AL, f(x)|g(x) where the f(x) and g(x) are linear
polynomials in x,, . . ., x, with integer coefficients.

THEOREM 1. Let ¢(x) be as above. There is an algorithm for deciding formula
of the form 3x c\g(x).

Proor. Lemma 4 shows how to find formulas ¢; and generalized orderings
X; so that ¢, is totally positive increasing w.r.t. x; and

Fx(x) &V 3x(3,(x) A x:(%)).
Lemma 7 shows that to decide if ¢;(x) A x;(x) has a solution it is sufficient to
check if ¢; has a solution mod p*®¥) for p < M,, with all the f(x)’s in ¢; = 0.

Using the above ideas, especially Lemma 6 it is not hard to generalize this
to get

THEOREM 2. There is an algorithm for deciding formulas of the form 3xA(x)
in N, where A(x) is an open formula in the language { +, |, 0, 1).

ProoF. Since this seems to have little interest on its own, we leave the
details to the reader.

REMARKS. (1) §1 shows that the corresponding problems for Z instead of N
are decidable.
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(2) Theorem 2 shows that there is no existential definition of multiplication
from + and |.

(3) It may have been hoped that one could prove that 3x\¢(x) if and
only if ¢(x) is satisfiable mod p* for some suitable finite set of prime powers
thus giving a result closer in spirit to the CRT. This is not possible for
arbitrary ¢ as the following example shows: for each prime power x + 2|x +
1 has a solution with x + 2 2 0, but x + 2|x + 1 has no solution in N.

3. In this section we indicate (briefly) how the above algorithm extends to
the ring of integers R in an imaginary quadratic extension of the rationals,
say Q(a) witha? = — a,a €N.

There are only finitely many units in R-the roots of unity. Our formula y
will be of the form

/’\f,(x) + ahy(x)|g:(x) + ak;(x)
where the f, &, g;, k; have coefficients from Z. Using the method of §1 we can
reduce this to the case

INF(%) = a(x)] (%) * ak(x)
where the f, h;, g;, k; have coefficients from N. As above, suppose that we

have an ordering x of the variables and suppose that y > x; for x; € z and
that

fi(2,9) £ ahy(z,9)|8(2, ) = aki(z, )

occurs in ¢ with y appearing on the left-hand side. Let m = max of the
coefficients of g, k.. Then f, = ah]g; = ak; implies that f2 + ah? g? + ak?
(in N). We also have y> < f2 + ah? and g? + ak? < m’n’ay®. So f, + ah|g,
* ak, if and only if ¢, dc;(c? + ad? < m'n’a and g; * ah; = (¢ + ad)(f; =
ak;)). Since there are only finitely many such ¢’s and d’s we can rewrite this as
a finite disjunction as above (§1).

In this way we can ensure that the largest variable occurs only on the
right-hand side of the divisibilities as in §2.

The rest of the algorithm is essentially the same as the above algorithm for
the integers, with “prime p” replaced by “prime ideal p” as necessary. We
omit the details.

REMARK. The above argument depends heavily on the fact that there are
only finitely many units in R (i.e. elements with norm *1). We shall show in
a subsequent paper that if there are infinitely many units in R (which is true
for all proper algebraic extensions except imaginary quadratic ones) then the
corresponding problem is unsolvable.

APPENDIX. In this appendix we give a proof of Lemma 1. The results in [1]
made the lemma geometrically clear. One could just check that the proof can
be made constructive. We shall however give another proof. The proof is by
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induction on the number of inequalities defining the convex set R and on the
number of variables. We need only consider the one case that R = P, N {x
€ Q": /(x) > 0} since each positive cone is either isomorphic with P, or of
lower dimension.

Let/(x) = Zax; — b,andlet H = {x e Q": Zax; = b}, H* = {x €Q™
Za,x; » b}. Then R = P, n H*. We shall show that there is a finite set of
positive cones C; = x = Au + b, and a finite set of n — 1 dimensional
convex sets R; such that

IR=U 'c,u U 'R.

This will satisfy (i) of the lemma. In order to guarantee that (ii) is satisfied we
can replace 4; by (1/B;)4; for suitable 8; € N (e.g. 8; = L.c.m. (numerators
occurring in A4,, b,)). Consider three cases. (The proof will be clearer if one
draws the corresponding 2 dimensional pictures.)

Case 1. All the g; > 0 (none zero). Consider the cones C;: x = u + a;¢;
where o; = b/a;. Then

R-UCGCGcPn{xx;<a,i=1,...,n}
i

which contains only a finite set (< II7.,(q; + 1)) of integral points.

Case 2. Not all the ¢, > 0 and 0 € R and hence b < 0. Consider the
hyperplanes X;: Za,x; = b, where b; varies over all integers between 0 and b
which are divisible by (ay, ..., q,) (= gcd. (a;, ..., a,) (notice that the
hyperplane Za,x; = ¢ contains an integral point just exactly when (ay, ...,
a,)|c). Let R" = P N {x: Za;x; > 0}. Then ‘R’ = 'R’ U U!(K; n R") and
each K; N R’ is a convex polyhedral set of dimension n — 1. Let f, (i =
1, ..., k) be all the unit vectors with positive entries contained in H'* = {x:
2a;x; > 0} which are contained in the maximal nonempty intersections of the
hyperplanes {H,, i=1,...,n} U {H'} where H,= {x € P,: x; =0} and
H’' = { x € P,;: Za;x; = 0}. Each subset of n of these f, defines a positive
cone in R’ and these cones exhaust R’.

Case 3. 0 R and not all the g, > 0. Then for some i, Be, lies on H for
some B > 0. The ¢; are the unit coordinate vectors. Consider the hyperplanes
H/ = H, for i #i, and H; = H, and the half spaces H;*. Since a =
(a5 ..., a,)is not a linear combination of the vectors e;, i # i, (since a, #0)
these half spaces define a new coordinate system {f, i = 1,...,n} with
positive part Py = {u: firu >0, i=1,...,n}. Let H' = H, and H'* =
H¥ then R’ = P, N H'* and 0’ (EP;) € R’ thus reducing this case to Case
2. This completes the proof of the lemma.

Since any n-dimensional positive cone is isomorphic with P, the lemma
applied to the first inequality defining R reduced R to a finite number of
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similar cases each of which is of lower dimension, or is defined by less
inequalities. The desired conclusion now follows by induction on the dimen-
sion (n) and the number of inequalities defining R.
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